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Abstract
Let G be an r-chromatic graph with an s-colorable subgraph, each of whose components is s-colored
with (possibly different) s colors taken from a set of r + s colors. Then if the components of the precolored
subgraph are sufficiently far apart, the precoloring extends to an (r + s)-coloring of G. We determine in
all cases the best possible distance bounds between precolored components that allow for this extension
result. Next suppose that G is Kr+1-minor-free for r = 2,3,4, or 5 (and so is r-colorable by proven cases
of Hadwiger’s Conjecture). Then similarly to the first result there is an extension of a precoloring of a
subgraph, each component of which receives s colors from a set of r + s − 1, to an (r + s − 1)-coloring
of the whole graph; we determine bounds on the distance between precolored components that ensures this
extension. We include some open problems in this area, building on our joint work with M.O. Albertson.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
The problem of extending a partial graph coloring to the entire graph has been studied by
many as shown in [1–9,11,12,17–19,27–29]. Our work begins with questions of C. Thomassen
and answers first by M.O. Albertson and later in joint work of Albertson and each of us [4,6].
Thomassen [25] asked the following: Suppose G is a planar graph and P ⊂ V (G) is such that
the distance between any two vertices in P is at least 100. Can a 5-coloring of P be extended to
a 5-coloring of G? Albertson answered precisely with the following.
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any (r + 1)-coloring of P extends to an (r + 1)-coloring of G.
The proof is elegantly short, and the result is shown to be best possible both with respect to
the number of colors used and to the distance between precolored vertices. In these ways the
result forms the “gold standard” for such an extension result, and in this paper we work to reach
such a standard for other results.
The goal of this paper is to take some coloring extension results from [4] in Theorems 2
and 3 below, where distance bounds between components of precolored subgraphs are given,
and to determine the best possible distance bounds in these contexts. For each of these results the
earlier paper gives a distance bound d for which a coloring extension theorem is proved. In some
cases in this paper we lower the bound d . The bound d is best possible when there is an example
of a graph with distance d − 1 between precolored components for which a precoloring does not
extend. In some cases we can find such graphs. In others we have examples only with distance
smaller than d − 1 for which a precoloring does not extend. In these cases we have narrowed the
known range of possible distance bounds.
If P is a set of vertices of G, let G[P ] denote the induced subgraph on P , and let P =
P1 ∪P2 ∪· · ·∪Pk where the Pi ’s induce the connected components of G[P ]. We denote by d(P )
the shortest distance between any Pi , Pj , where the distance is the number of edges in a shortest
path joining a vertex in Pi with a vertex in Pj .
Theorem 2. [4] Let G be an r-chromatic graph, P ⊂ V (G) such that each Pi induces an
s-colorable graph, s  r , and d(P )  4. Then an (r + s)-coloring of P in which each Pi is
s-colored, but not necessarily with the same s colors, extends to an (r + s)-coloring of G.
Theorem 2 is a generalization of Theorem 1. In Section 3 we show that in the case r = s = 2 a
distance of d(P ) = 3 suffices to guarantee a 4-color extension. In Section 4 we show that, for all
other cases, d(P ) = 4 is required. Also in Theorem 6.3 of Section 6 we prove a stronger version
of Theorem 2, and use this to prove Theorem 6.4.
In [26] Thomassen asked a second question: Suppose G is planar, G[P ] is bipartite, and any
two components of G[P ] are at least 100 apart. Can any 5-coloring of G[P ] in which each
component is 2-colored be extended to a 5-coloring of G?
If a planar graph G is 4-chromatic, Thomassen’s question uses one less color than in The-
orem 2. A positive answer in this case does require a topological constraint. Note that if G
is planar, then it is K5-minor-free. Given this, Theorem 3 below answers Thomassen’s second
question. It requires proven cases of Hadwiger’s conjecture:
Hadwiger’s Conjecture. [16] If G does not contain an (r + 1)-clique Kr+1 as a minor, then
χ(G) r .
This conjecture was initially proved for r  3 [14]; the case of r = 4 was proved equivalent
to the 4-color theorem [30] and so is now known to hold [10,24], and the case of r = 5 has also
been proved [23].
Theorem 3. [4] Suppose G does not contain K5 (respectively K6) as a minor, P ⊂ V (G) with
G[P ] s-colorable, 2 s  4 (respectively 5) and d(P ) 8. Then any (3 + s)-coloring (respec-
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(3 + s)-coloring (respectively (4 + s)-coloring) of G.
If G is K5-minor-free with χ(G) < 4 or if G is K6-minor-free with χ(G) < 5, then Theorem 2
tells us that d(P ) 4 guarantees a graph color extension. So Theorem 3 gives new results only
in the cases when G is K5-minor-free with χ(G) = 4, or G is K6-minor-free with χ(G) = 5.
Also if G is K4-minor-free with χ(G) = 3, the proof for Theorem 3 gives analogous results. We
summarize these critical cases in Theorem 4 where the number of colors used is written in terms
of r and s.
Theorem 4. Let G be an r-chromatic graph with r = 3,4,5, and suppose that G does not contain
Kr+1 as a minor. For P ⊂ V (G) suppose G[P ] is s-colorable, 2 s  r , and d(P ) 8. Then
any (r + s − 1)-coloring of P in which each component is s-colored can be extended to an
(r + s − 1)-coloring of G.
Theorem 4 covers cases in which the number of colors used is r + s − 1. In Section 3 we
show that in the case r = s = 2 the distance d(P ) 5 suffices to guarantee a 3-color extension,
and that this is the least distance needed, even without topological constraints. For r = 3,4,5,
Theorem 4 gives conditions under which d(P )  8 suffices. In Section 5 we construct graphs
that give lower bounds for the distance d(P ) that suffices. We also show that without topological
constraints no distance insures a color extension theorem with r + s − 1 colors.
In Section 6 we improve bounds on the distance required for Kr+1-minor-free graphs with
r + s − 1 colors. We obtain best possible distances when r = s and when r2 + 1  s < r , for
r = 2,3,4, and 5.
We conclude with open questions in Section 7.
2. Background
A graph is r-colorable if each vertex can be assigned one of r colors so that no two adjacent
vertices receive the same color. A graph is said to be r-chromatic if it is r-colorable, but not
(r − 1)-colorable. Given a graph with each vertex assigned a list of colors, the graph is list-
colorable if it can be properly colored so that each vertex receives a color from its list. A graph
is said to be k-choosable if whenever lists of size at least k are assigned to each vertex, the graph
is list-colorable. For basic results on list-coloring see [20].
In the proofs of Theorems 1–3, the authors show the number of colors used to be best possible.
They also show that the distance bound, d(P ) 4, is best possible for Theorem 1 (and thus for
Theorem 3 with s = 1). Our task is to find and prove the best possible distance bounds in the
other cases.
Let C be a given class of graphs, s  r , and t a function of r and s. We define d∗ = d∗(r, s, t,C)
to be the least integer such that whenever G is an r-chromatic graph in C, and G has a sub-
graph G[P ] where each component is precolored with s colors taken from a set of t colors and
d(P ) d∗, then the t-coloring of G[P ] extends to a t-coloring of G. For instance by Theo-
rem 1 with G the set of all graphs d∗(r,1, r + 1,G) = 4, and with P the set of all planar graphs
d∗(4,1,5,P) = 4.
If H is a subgraph of G, we let N(H) denote the neighborhood of H (i.e., all vertices of G
adjacent to, but not in, H ). If we let N0(H) = H and N1(H) = N(H), then for i > 1 we define
Ni(H) to be all vertices of G adjacent to Ni−1(H), but not in Nj(H) for any 0 j < i.
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graph G is properly colored, and suppose that H is a connected subgraph of G with at least
one vertex of H colored with color a or b. An (a, b)-Kempe chain at H is the maximal sub-
graph K of all vertices of G lying on a path to and within H that are colored with a or b. We
define an (a, b)-Kempe chain change, denoted K(a,b), applied to H as the switching of the
colors a and b on the subgraph K . The result is a proper coloring of G.
If color c is not originally on G, a series of Kempe chain changes at H that involve color c
will change colors only in the vicinity of the subgraph H ; c is called a pivot color. Specifically,
suppose we wish to interchange the colors a and b on H , and suppose color c is not yet used.
We execute the three Kempe chain changes K(a, c), K(b, c), K(a, c). The first change replaces
color a with color c on H . The second may place color c on vertices in H ∪ N(H). The third
may place color c on vertices in N(H)∪N2(H), but no farther from H . Further, any vertex in H
originally colored a is now colored b, and vice versa.
A graph G is said to contain another graph H as a minor if by application of the operations of
deleting vertices and edges and identifying pairs of adjacent vertices, we can obtain H from G.
Since these operations preserve planarity, a planar graph cannot contain K5 as a minor. We define
Fr+1 to be the class of Kr+1-minor-free graphs.
In the d∗ notation, Theorem 4 shows that if r = 3,4,5, with 2 s  r , and the class of graphs
is Fr+1, then d∗(r, s, r + s − 1,Fr+1) 8. From [1] we know that these d∗ are bounded below
by four. We determine d∗(r, s, r + s − 1,Fr+1) exactly when r = s and when r2 + 1 s < r , for
r = 2,3,4,5. In all other cases we show that d∗(r, s, r + s − 1,Fr+1) equals seven or eight.
3. Bipartite graphs
In this section we consider the small cases in which r = s = 2. In Theorem 3.1 the number
of colors available is r + s; in Theorem 3.2 the number of colors is r + s − 1. For each case the
distance bound is completely determined.
Theorem 3.1. Let B denote the class of bipartite graphs. Then d∗(2,2,4,B) = 3.
Proof. First we show d(P ) 3 is adequate to guarantee a color extension. Since G is bipartite,
the vertices in G \P form two independent sets X and Y . Since d(P ) 3, any vertex v ∈ G \P
is adjacent to at most one Pi . Further, the vertices in Pi that are adjacent to v must all have the
same color in the precoloring of P . So the list of colors available for any v ∈ G \ P is at least
three. Hence we are free to choose color 1 or 2 for each of the vertices in X, and color 3 or 4 for
each of the vertices in Y . This extends the precoloring of P to all of G.
To show d∗ > 2 let G = K1,4 with the four degree-1 vertices precolored using all four colors.
Then no color remains for the central vertex, and we conclude d∗(2,2,4,B) = 3. 
In [4] the authors show that Theorem 2 is best possible with respect to the number of colors
used when r > s. A similar example shows the same when r = s > 2. But Theorem 3.2 shows
that fewer colors are needed when r = s = 2.
Theorem 3.2. Let B denote the class of bipartite graphs. Then d∗(2,2,3,B) = 5.
Proof. First we show that the distance d(P ) 5 is sufficient to extend a 3-coloring from bipartite
subgraphs to the entire graph. Let G be bipartite and P ⊂ V (G) with P = P1 ∪ · · · ∪ Pk , each
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G[Pi] being a bipartite subgraph of G, i = 1, . . . , k, and d(P ) 5. Suppose each Pi is precolored
with two of the colors {1,2,3}.
First, 2-color the entire graph G with C :V (G) → {1,2}, and let Vj denote the vertices col-
ored j , for j = 1,2. We must correct the colors on each Pi to achieve the precoloring. Let the two
color classes of Pi be denoted Vi,j ; that is, Vi,j = Pi ∩Vj for j = 1,2. If Pi is precolored with 1
on Vi,1 and 3 on Vi,2, then the former set is correctly colored by C, and we can simply recolor
the vertices of Vi,2 with 3. If Pi is precolored with 3 on Vi,1 and 1 on Vi,2, then we perform the
Kempe chain changes K(2,3) and K(1,3) from the vertices of Pi . This will correct the coloring
on Pi and place color 3 possibly on vertices of N(Pi). If Pi is precolored with 2 and 3, the same
method is used to recolor Pi .
If Pi is precolored with {1,2}, we are done unless Vi,1 is colored with 2 and Vi,2 with 1.
Now we execute successively the three Kempe changes K(1,3), K(2,3), and K(1,3) from the
vertices of Pi . As explained in Section 2, this will interchange the colors on Pi and may place
color 3 on N(Pi) and N2(Pi).
If d(P ) 6, then clearly no two vertices colored 3 by these changes are adjacent. If d(P ) = 5
the argument is more delicate. In the case Pi and Pj are within distance five of each other and
colors {1,2} on Pi and Pj are interchanged, vertices in N2(Pi) and N2(Pj ) may receive color 3.
But using the Kempe changes specified, these 3-colored vertices must also lie in V1. Thus no two
are adjacent.
On the other hand, Fig. 1 shows a bipartite graph with precolored subgraph in which the
components Pi are at distance d(P ) = 4, but the 3-coloring does not extend. We conclude that
d∗(2,2,3,B) = 5. 
Note. In all graphs we indicate the precolored components Pi with bold edges.
The two results in this section depend only on the graphs being bipartite. With topological
constraints we can lower the distance required. See Theorem 6.1.
4. Extending (r + s)-colorings from s-colored subgraphs to r-chromatic graphs
In [4] it is shown that if d(P ) 4, then any (r + s)-coloring of P that assigns at most s colors
to any Pi extends to an (r + s)-coloring of all of G. In this section we show that for r > 2 this
distance is best possible. To do this we construct graphs and precolorings of the set P that show
a distance of three between components of P is not enough to guarantee a color extension to all
of G. In the proof of Theorem 4.2 we seek minimal examples that prove our case. In Theorem 4.4
we restrict our attention to planar graphs.
To prove Theorem 4.2, we need the following fact about designs:
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with six blocks of size s so that every 2-set is contained in at least one block. If s is odd, then
there is a block design on 2s colors with seven blocks of size at most s so that every 2-set is
contained in at least one block.
Proof. Case 1. s even.
The block design is based on the finite affine plane with four points. Partition the 2s colors
into four (disjoint) subsets of size s/2 and identify the four subsets with the four points of the
affine plane. The six blocks of the design are the unions of the sets that lie on a line of the affine
plane. Since any two points form a line, each pair of the 2s colors is in at least one block.
Case 2. s divisible by three.
The block design is based on the small design 013, 124, 235, 340, 451, 502. Partition the 2s
colors into six (disjoint) sets of size s/3, and identify the six subsets with the six points of the
small design. The six blocks of the new design are the unions of the sets that lie in one block of
the small design. Since each pair of points in the small design lie in at least one block, each pair
of the 2s colors is in at least one block.
Case 3. s odd.
The block design is based on the Fano plane whose lines are 013, 124, 235, 346, 450, 561,
602. Partition the 2s colors {0,1, . . . ,2s − 1} into seven (disjoint) sets Ai , 0 i  6, so that Ai
is the set of all colors congruent to i mod 7. Identify the sets with the seven points of the Fano
plane. The seven blocks of the new design are the unions of the sets that lie on a line of the Fano
plane. It is routine to check that these blocks each contain s or fewer colors. Since any two points
of the Fano plane lie on a line, each pair of the 2s colors is in at least one block. 
Our first graphs for Theorem 4.2 will consist of a complete r-partite graph G′ with connected
subgraphs Pi attached to vertices of G′. The precolored vertices will be the vertices of all the Pi ’s.
We attach Pi to vi and precolor Pi so that we limit the colors available to vi to a list of size
(r + s) − s = r . Thus we reduce the graph color extension question to one of list-coloring.
When s < r , we let Pi be a complete graph Ks and attach this to vi by adding all possible
edges, thus forming a Ks+1 subgraph. When s = r we modify this slightly so that the resulting
graph is still r-colorable. We construct each Pi from a complete Ks plus one more vertex x
adjacent to a single vertex y in the Ks . Let z be any vertex in the Ks other than y. Then connect
Pi to vi by adding all edges from vi to Pi except the edge {vi, z}. The graph is still r-colorable,
since vertices vi and z can receive the same color. We now choose to precolor the vertices of Pi
with s colors using the same color for x as for z. This will again limit the list of colors available
for vi to a specified list of r colors. (See Figs. 3 and 4.)
We use the designs of the lemma to find minimal examples that demonstrate best-possible
bounds.
Theorem 4.2. Let G be the class of all simple graphs. If r  3 and 2  s  r , then
d∗(r, s, r + s,G) > 3.
Proof. We consider two cases:
Case 1. r = s. Construct the graph K2,2,...,2,n, a complete r-partite graph with r − 1 parts of
size two and one part of size n. Here n is the minimum number of blocks of size s needed so
that any 2-set from the set of r + s = 2s colors is in one of the blocks. The lemma shows that n
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K2,2,...,2,n we attach a component Pi as described above.
For the independent sets of size 2 we precolor the two attached Pi ’s: the first with colors
1,2, . . . , s, and the second with colors s + 1, s + 2, . . . ,2s. This precoloring forces each of these
independent sets to require two colors.
For the independent set of size n use the blocks of colors of size s described in Lemma 4.1
to color the Pi ’s attached to its vertices. These will limit the colors used on each of the vertices
in the independent set so that no set of two colors can be used on all the vertices of the set.
This precoloring forces the independent set of size n to require at least three colors. In total an
extension of this precoloring of P would require 2(r − 1) + 3 = 2r + 1 colors. Therefore the
r + s precoloring of P does not extend to an (r + s)-coloring of G.
Case 2. s < r . Let n = 	 r+s
s

, and construct the graph Kn,n,...,n,1,...,1, with s+1 parts of size n
and r − s−1 parts of size 1. To each vertex vi in the parts of size n we attach a Pi component that
is Ks by joining each of its vertices to vi by an edge. We can then precolor Pi using s colors and
thus eliminate those s colors from the list of possible colors for vi . For each set of independent
vertices of size n, use the colors 1,2, . . . , s on the first Pi , s + 1, s + 2, . . . ,2s on the second, etc.
If r/s is not an integer, let the last Pi be a complete graph on r + s − s(r + s)/s vertices and
use the last of the r + s colors. This precoloring forces each of the independent sets of size n to
require two colors. Each of the other independent sets (which are of size 1) requires one color.
In total an extension of this precoloring of P would require 2(s + 1) + (r − s − 1) = r + s + 1
colors. Therefore the r + s precoloring of P does not extend to an (r + s)-coloring of G. 
From [4, Theorem 2] we knew that in these cases d∗  4. So we conclude:
Theorem 4.3. For all graphs if r  3 and 2 s  r , then d∗(r, s, r + s,G) = 4.
Recall that Albertson proved this for s = 1. That is, d∗(r,1, r + 1,G} = 4.
If we restrict the set of graphs to planar graphs, it is reasonable to ask whether the distance
required to guarantee color extensions is reduced. As it turns out, a distance of four is still re-
quired. The planar examples to prove distance d(P ) = 3 inadequate require more vertices than
the graphs used to prove Theorem 4.2. These planar graphs are built on the Mirzakhani graphs M1
and M2 [21]. Graph M1 is shown in Fig. 2. It is precisely the graph H in [21], but with color 4
removed from the vertices in the centers of the five squares. M1 is planar and 3-chromatic, but is
not list-colorable from the 3-lists shown.
Graph M2 is the 63-vertex graph from [21]. This graph is planar and 3-chromatic, but is not
list-colorable from the 4-lists given. The lists are chosen from colors {1, . . . ,5}.
Theorem 4.4. Let 2  s  r with r  3, and let P be the set of planar graphs. Then
d∗(r, s, r + s,P) = 4.
Proof. We know that for general graphs d∗  4. To show that d∗ > 3 we construct planar graphs
with d(P ) = 3 so that a given precoloring on P does not extend to G. When r = 3, we let G \P
be the graph M1 in Fig. 2. This graph is planar and 3-colorable, but not 3-list-colorable from
the lists given. These lists are chosen from the colors {1, . . . ,4}. For s = 1 or 2 we attach a Ks
to each vertex in M1 and color it with colors that will restrict the list of colors available on the
vertex in M1 to the given list. For s = 3, we attach a K3 with a tail, as shown in Fig. 3, to avoid
creating a K4.
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Fig. 3. d∗(3,3,6,P) > 3; Central graph is M1.
Fig. 4. d∗(4,4,8,P) > 3; Central graph is M2.
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4-list-colorable. The lists are chosen from colors {1, . . . ,5}. For s = 1,2, or 3, we attach a Ks
to each vertex x in M2, and we color it with colors that restrict the list of colors available on
the vertex x to the given list. For s = 4, we attach a K4 with a tail, as shown in Fig. 4, to avoid
creating a K5.
These examples show that for planar graphs with r = 3,4 and with 2  s  r , distance
d(P ) = 3 is not enough. We conclude that d∗(r, s, r + s,P) = 4. 
5. Extending (r + s − 1)-colorings in Kr+1-minor-free graphs for r = 3,4,5
In this section we reduce the number of colors by one to r + s − 1. The bipartite case was
handled separately in Section 3, where we found that d∗(2,2,3,B) = 5. That result required no
topological constraints.
Theorem 5.1 shows that for r  3 we must impose a topological constraint to be able to claim
any graph color extension theorem. Albertson [2] first suggested a graph with r = 3, s = 2, and
t = r + s − 1 = 4 with a single precolored component where the coloring does not extend. This
graph generalizes to the following set of graphs.
Theorem 5.1. For r  3 and 2 s  r there exists a graph G with χ(G) = r and single compo-
nent P precolored with s colors so that the precoloring does not extend to an (r +s−1)-coloring
of G. Therefore there is no distance between precolored components that will guarantee that a
coloring using s colors on each component extends to an (r + s−1)-coloring of the whole graph.
Proof. To construct the graph G, start with a complete graph Kr with vertices x1, x2, . . . , xr .
Add a path P with r · s vertices and make the first s vertices adjacent to x1, the next s vertices
adjacent to x2, etc. Clearly this graph requires r colors. In fact χ(G) = r .
Now define a precoloring of P with the colors 1,2, . . . , s on the first s vertices, and repeat
this r times. Thus each xi is adjacent to a vertex of each of the colors 1, . . . , s. This forces any
color extension to require r more colors for a total of r + s colors. 
For cases where Hadwiger’s Conjecture has been proved (specifically, r = 3,4,5), Theorem 4
shows that if we impose a topological constraint, namely that the graphs be Kr+1-minor-free,
then we get a color extension theorem with r + s − 1 colors. Note that in the examples in Theo-
rem 5.1 if we contract the path P to a single point, we get the complete graph Kr+1. But these
graphs do not contain Kr+2 as a minor. So the requirement in Theorem 4 that the graphs be
Kr+1-minor-free is precisely the constraint we want.
Given the topological constraint, Theorem 4 provides the upper bound d∗(r, s, r + s − 1,
Fr+1) 8. In the following two theorems we find lower bounds for d∗. Theorem 5.3 considers
the case r = s. The graphs constructed for Theorem 5.3 use the Mirzakhani graph M2 and its
generalizations given in Lemma 5.2.
Lemma 5.2. For r  3 there exists an r-chromatic graph that is Kr+2-minor-free and is not
(r + 1)-choosable, where the (r + 1)-lists are subsets of {1,2, . . . , r + 2}.
Proof. We will call the graphs constructed here Mirzakhani graphs.
510 J.P. Hutchinson, E.H. Moore / Journal of Combinatorial Theory, Series B 97 (2007) 501–517Fig. 5. d∗(3,3,5,F4) > 4.
For r = 3, we use M2, the planar graph on 63 vertices in [21]. Since this graph is planar it is
K5-minor-free. It is 3-chromatic, but not list-colorable from the given 4-lists, where the 4-lists
are subsets of {1,2, . . . ,5}.
For r = 4, we construct M3 starting with five copies of the graph M2. On copy i, replace
color i with color 6. At this stage, copy i is not list-colorable from its 4-lists. Now add color i to
all lists, making 5-lists. If copy i can now be list-colored from the 5-lists, color i must be used
on at least one of its vertices. Finally assign list {1,2,3,4,5} to a new vertex x and connect x to
each vertex in all five copies of M2. We know copy i is not colorable from its lists unless we use
color i, but this leaves no color for vertex x.
Since M2 is K5-minor-free, M3 is K6-minor-free. (Specifically since M2 is planar, M3 is an
apex graph.) Further since M2 is 3-chromatic, M3 is 4-chromatic. But as these lists show, M3 is
not 5-choosable.
In general, we construct Mn from n + 2 copies of Mn−1. Since Mn−1 is Kn+2-minor-free,
n-chromatic, and not (n + 1)-choosable, Mn is Kn+3-minor-free, (n + 1)-chromatic, and not
(n + 2)-choosable. 
Theorem 5.3. Let χ(G) = r and G ∈ Fr+1 (that is, G is Kr+1-minor-free). If r = 3, then
d∗(r, r,2r − 1,Fr+1) 5. If r = 4 or 5, then d∗(r, r,2r − 1,Fr+1) 6.
Proof. Let r = 3. The graph in Fig. 5 is 3-chromatic. Each component of P , indicated with
bold edges, is precolored with three colors taken from five. The precolored components are at
distance four apart. Any color extension must use the complementary set of two colors on the
neighbors N(Pi). This leaves no color for the central vertex.
Let r = 4 and consider the graph in Fig. 6. The central graph is the 63-vertex Mirzakhani
graph M2, a portion of which is shown in the figure using dashed edges. To each of the 63
vertices is attached a triangle, as shown in the figure. Inside the triangle is the precolored Pi that
is a path of seven vertices which is 4-colored using the colors in the list of the attaching vertex.
This precoloring forces the use of the complementary set of three colors on the triangle. Thus
this coloring extends if and only if the central graph is list-colorable, which it is not. Since the
Pi are at mutual distance of five, we have d∗(4,4,7,F5) 6.
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Fig. 7. d∗(5,5,9,F6) > 5; Central graph is M3.
Let r = 5 and consider the graph in Fig. 7. The central graph is M3. To each vertex in M3 we
attach a K4. Inside the K4 is a precolored Pi that is a path of nine vertices which is 5-colored
using the colors in the list of the attaching vertex. This precoloring forces the use of the comple-
mentary set of four colors on the K4. Thus this coloring extends if and only if the central graph
is list-colorable, which it is not. Note that these attaching graphs are K6-minor-free since, for
example, removing vertex B leaves a planar graph. Also M3 is K6-minor-free. Since the Pi are
at mutual distance of five, we have d∗(5,5,9,F6) 6. 
In Section 6 we will show that the lower bounds on d∗ in Theorem 5.3 are exact. We now
show that if r = 3,4,5, and 2 s < r , then d∗(r, s, r + s − 1,Fr+1) 7. Graphs constructed in
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Gr,s , were introduced in [15].
Lemma 5.4. For integers r and s with r  3 and 2 s < r , there is an r-colorable graph Gr,s
with s-lists on vertices at mutual distance two and (r + s − 1)-lists on the remaining vertices, so
that the graph is not list-colorable. All lists are subsets of {1,2, . . . , r + s − 1}.
Proof. Start with a complete graph Ks and an independent set of
(
r+s−1
s
)
vertices. Join each
vertex in the Ks to each vertex in the independent set; call this graph Gr,s . Gr,s is r-colorable
using one color on the independent set and s other colors on Ks .
Now assign to each vertex in the independent set a list of s colors from r + s − 1, each vertex
receiving a different list. Assign to each vertex in the Ks the entire set {1,2, . . . , r + s − 1}. The
vertices in the independent set are at mutual distance two. Further any coloring of the Ks must
use all the colors in one of the s-lists, so Gr,s cannot be colored from the given lists. 
Figures 8 and 9 illustrate the graphs Gr,s . In the proof of Theorem 5.5 we use Gr,s as the
central graph in our construction. Note that Gr,s contains Ks+1, but is Kr+1-minor-free. We
need this property in the following theorem.
Theorem 5.5. If r = 3,4,5 and 2 s < r , then d∗(r, s, r + s − 1,Fr+1) 7.
Proof. As in the proof of Theorem 5.3, we construct r-chromatic graphs that contain the pre-
colored components Pi , and attach these to a central graph to limit the colors available to the
attaching vertex.
For r = 3 and s = 2, we have r + s − 1 = 4 colors. The Pi in the attaching graph consists of a
path of three vertices, precolored a, b, a. This is connected to a K2 so that each vertex in the K2
is adjacent to a vertex of each color in Pi . Then the K2 is joined to a vertex in the central graph.
Any color extension must use the complementary set of two colors on the K2, thus forcing the
attaching vertex in the central graph to be colored from the list of two colors used on the Pi .
Now to each vertex in G3,2 with a 2-list we attach such a graph to limit the colors available
to the given 2-list. Since G3,2 cannot be colored from its lists, the precoloring of the Pi ’s does
not extend to an (r + s − 1)-coloring of the entire graph. See Fig. 8. We note that d(P ) = 6,
that the attaching graphs are outerplanar, and therefore are K4-minor-free. We conclude that
d∗(3,2,4,F4) > 6.
Similarly, for r = 4 and 5 and for 2 s < r , we construct attaching graphs that consist of a
precolored path surrounded by a Kr−1, all of whose vertices are adjacent to vertices on the path
of all the s colors, and also to the attaching vertex in the central graph. For r = 4, see the example
in Fig. 9; for r = 5, the attaching graphs are as in Fig. 7. The attaching graphs limit the colors
available to precisely the s-lists required on the Gr,s central graphs. Since Gr,s cannot be colored
from its lists, the precoloring of the Pi ’s does not extend to an (r + s − 1)-coloring of the entire
graph. In each graph d(P ) = 6. Further, in each case the central graphs and attaching graphs are
Kr+1-minor-free. (For r = 4, the attaching graphs are planar; for r = 5, removal of vertex B , for
instance, leaves a planar graph.) Thus if r = 4,5 and 2 s < r , then d∗(r, s, r+s−1,Fr+1) > 6.
Note that in each case we can add vertices and edges to the precolored Pi so that Pi becomes
s-chromatic. 
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Fig. 9. d∗(4,3,6,F5) > 6; Central graph is G4,3.
We conclude this section with a deeper look at the class of graphs that are K4-minor-free.
This set includes all acyclic graphs, all outerplanar graphs, and each K2,n. In fact, the edge-
maximal K4-minor-free graphs (with at least three vertices) are characterized as those that can
be constructed recursively from triangles by pasting along K2’s; see [13, p. 181]. Each such graph
contains a vertex of degree at most two, and thus is 3-choosable. Since 2-connected outerplanar
near-triangulations are uniquely 3-colorable, if independent vertices in these are 3-precolored,
there is no (r + s − 1) = 3-color extension theorem.
By Theorem 1, if P consists of independent vertices, d∗(3,1,4,G) = 4. With the added con-
straint that G ∈F4 this distance can be improved.
Theorem 5.6. d∗(3,1,4,F4) = 3.
Proof. Let G be K4-minor-free with independent vertices P ⊂ V (G), with the vertices of P
4-colored, and d(P ) = 3. No vertex of G \ P is adjacent to more than one vertex of P . If vertex
v ∈ G \ P is adjacent to a precolored vertex, it has three colors in its list of available colors. If
not, it has the list of all four colors. Since G and its subgraphs are 3-choosable, the 4-coloring
of P extends to a 4-coloring of G.
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of K1,4 each with a different color, there is no color left for the central vertex. Therefore
d∗(3,1,4,F4) = 3. 
6. Improving upper bounds
Theorem 4 guarantees an upper bound of 8 for d∗ when r = 3,4,5 with 2 s  r and total
number of colors t = r + s − 1, provided the graphs lie in Fr+1. In this section we improve this
bound for the cases in which r = s, and in which r2 + 1  s < r , and so determine d∗ exactly.
For completeness we include the case of r = s = 2.
Theorem 6.1. d∗(2,2,3,F3) = 3.
Proof. Let G be a graph that is K3-minor-free and thus acyclic. We first precolor the set P
with the desired colors. If we assume that d(P ) 3, then each vertex in G \ P is adjacent to at
most one precolored vertex, and thus has a list of at least two allowable colors. Since any tree
(or forest) is 2-choosable, we can extend the precoloring by coloring G \ P from the lists of
allowable colors.
On the other hand, distance two is not enough, since if we color the three leaf vertices
of K1,3 each with a different color, there is no color left for the central vertex. Therefore
d∗(2,2,3,F3) = 3. 
Theorem 6.2. d∗(3,3,5,F4) = 5.
Proof. Let G be a 3-chromatic graph in F4, and let P be a precolored set of vertices where each
component Pi is colored with three of the available five colors. We assume d(P ) 5 and show
that the precoloring extends to the whole graph.
For each Pi , define Qi to be the induced subgraph on the vertices adjacent to Pi . That is,
Qi is G[N(Pi)] (and is not necessarily connected). Let Q be the union of all vertices in the
Qi ’s. Since G is K4-minor-free, each Qi must be K3-minor-free and thus acyclic. Thus each Qi
can be 2-colored using the two colors remaining after 3-coloring the Pi . Since d(P )  5, then
d(Q) 3. This means any vertex in G \ (P ∪Q) is adjacent to at most one of the Qi ’s and none
of the Pi ’s. Thus after coloring the vertices in P and Q, all remaining vertices have lists of at
least three colors still available to them. And since the graph G \ (P ∪Q) is in F4, we can color
it from these 3-lists.
The graph in Fig. 5 shows that d∗(3,3,5,F4) > 4. We conclude that d∗(3,3,5,F4) = 5. 
In Theorem 6.3 we weaken the hypothesis of Theorem 2 and obtain a stronger result, useful
in the proof of Theorem 6.4. The proof is similar to that for Theorem 2 in [4].
Theorem 6.3. Let G be an r-chromatic graph with P ⊂ V (G) inducing the s-colorable
graph G[P ]. Let each G[Pi] be colored with s colors, taken from a set of r + s colors, but
not necessarily with the same s colors. If for every pair Pi and Pj that receives two different sets
of s colors, d(Pi,Pj ) 4, then the precoloring extends to an (r + s)-coloring of G.
Proof. Let C :V (G) → {1,2, . . . , r + s} be the following coloring of G. Color G[V \ P ] with
the colors 1,2, . . . , r , and for each i color G[Pi] with the colors r + 1, . . . , r + s, subject to the
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precoloring of G[Pi]. Second, if d(Pi,Pj ) < 4 then the color classes of C are the same as the
color classes in the precoloring of G[Pi ∪Pj ]. (This is possible since by hypothesis Pi and Pj are
precolored with the same set of s colors.) Third, if the precoloring assigns a particular color class
of vertices of G[Pi] a color from r + 1, . . . , r + s, then C uses the same color on that color class.
Suppose that a color class in G[Pi] is colored by C with the color r + k for some k ∈
{1,2, . . . , s}, when the precoloring has it assigned color m  r . We correct the colors using a
K(r + k,m) Kempe change. Do this recoloring for all color classes of G[Pi] and for all Pi .
If d(Pi,Pj )  4, then clearly no two vertices recolored with r + k are adjacent. If
d(Pi,Pj ) < 4, then by the second property of the C coloring we may correct the colors on Pi
and Pj using exactly the same Kempe changes. Therefore these Kempe changes will not inter-
fere with each other. We conclude that this recoloring gives a proper (r + s)-color extension
on G. 
Theorem 6.4. d∗(4,4,7,F5) = d∗(5,5,9,F6) = 6.
Proof. First we show that distance d(P ) = 6 is enough to guarantee a color extension. As in the
proof of Theorem 6.2, we let Qi be the (not necessarily connected) subgraph induced by the first
neighborhood of Pi . Since d(P ) 6, d(Qi,Qj ) 4. In the first case, since G is K5-minor-free,
each Qi is K4-minor-free and thus 3-colorable. We color each Qi with the three colors remaining
after 4-coloring its Pi . For each i let Qi,1, . . . ,Qi,k denote the sets of vertices of Qi that induce
the connected components of G[Qi]. Then for each i these connected components receive the
same set of three colors, and for all the components we have d(Qi,j ,Qk,l) 4 for each pair that
receives a different set of three colors. (In the second case, since G is in F6, each Qi is in F5,
and thus is 4-colorable. We color each Qi with the four colors remaining after 5-coloring its Pi ,
and proceed as in the previous case.)
In the graph G \ P we apply Theorem 6.3 to the precolored, connected components Qi,j and
obtain a color extension to the rest of the graph G \ P . Note that we have reduced the problem
to a case of Theorem 6.3 by reducing the number of colors used on the precolored components
by one, thus making the number of colors available equal to r + s.
The graphs in Figs. 6 and 7 show that d∗(4,4,7,F5) > 5 and that d∗(5,5,9,F6) > 5. We
conclude that d∗(4,4,7,F5) = d∗(5,5,9,F6) = 6. 
So far we have proved that if r = 3,4,5 and 2 s < r then d∗(r, s, r+s−1,Fr+1) is seven or
eight. Theorem 6.5 gives exact results for d∗ when r2 + 1 s < r . The proof uses a modification
of the proof of Theorem 3 [4] which we sketch and describe below.
Theorem 6.5. If r = 4 or 5 and r2 + 1 s < r , then d∗(r, s, r + s − 1,Fr+1) = 7.
Proof. In the proof of Theorem 3 [4] each Pi is contracted to a single vertex and the resulting
graph G′ is r-colored. This coloring of G′ is transferred back to G[V \ P ]. Then each Pi is
s-colored with the color of its contracted vertex and the colors r + 1, . . . , r + s − 1, so that each
color class in the precoloring of Pi is assigned a single color. Call this coloring C, and let Vj be
the set of all vertices in G colored with j by coloring C. We call the colors r + 1, . . . , r + s − 1
pivot colors.
We then proceed to use Kempe changes to correct the colors on each Pi . Each Kempe change
must involve a pivot color so the reach of the Kempe changes is restricted to the vertices close
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The only cases in which the Kempe changes affect vertices in N3(Pi) are those in which the
precoloring of Pi uses s colors from 1, . . . , r not including the color of the contracted vertex.
Since the precoloring of Pi uses s colors from 1, . . . , r , we are guaranteed that it uses at least
one of the colors 1, . . . , r − s + 1. Note that we have s − 1 pivot colors. As long as s − 1 
r − s +1, we can match each of the colors 1, . . . , r − s +1 with a pivot color. We then choose the
Kempe changes to guarantee that the last Kempe change exchanges a color from 1, . . . , r − s + 1
with its matching pivot color. Then this pivot color may recolor vertices in N3(Pi), but only those
in the matching color class, so that when d(P ) = 7 the recoloring remains proper. 
For example, consider the case r = 4 and s = 3 and match 1 with 5 and 2 with 6. Then in the
worst cases either pivot color 5 recolors vertices in N3(Pi)∩V1 or pivot color 6 recolors vertices
in N3(Pi) ∩ V2. If the coloring C assigns colors 1, 5, 6 to Pi , and the precoloring assigns 2, 3,
4, then the coloring can be corrected using Kempe changes K(5,3), K(6,4), K(6,1), K(6,2).
Since color 6 is used in three changes, these changes could push color 6 to N3(Pi), but only to
its intersection with V2.
7. Open questions
Of course, Hadwiger’s Conjecture is the overriding unsolved problem, of interest for many
coloring questions including those of this paper. We note that if Hadwiger’s Conjecture was
established for another r > 5, then our results of Sections 5 and 6 would extend to settle other
cases. Specifically
Theorem 7.1. For all values of r > 5 for which Hadwiger’s Conjecture is true:
(a) if r = s, then d∗(r, s, r + s − 1,Fr+1) = 6,
(b) if r2 + 1 s < r , then d∗(r, s, r + s − 1,Fr+1) = 7,(c) if 2 s < r2 + 1, then d∗(r, s, r + s − 1,Fr+1) = 7 or 8.
The main unsettled question in this paper is, in the cases when 3 r  5 and 2 s < r2 + 1,
whether d∗(r, s, r + s − 1,Fr+1) = 7 or 8.
The class of K4-minor-free graphs is the best understood and these graphs are characterized,
as mentioned in Section 5. We have looked carefully at the subclass of outerplanar, near trian-
gulations (OPNT) as well as F4, and have just learned that A. Pruchnewski and M. Voigt [22]
have proved the following: d∗(3,2,4,OPNT) = 7 for list-coloring; that is, if a graph in OPNT
has bipartite components at distance 7 precolored each with two colors, then the coloring ex-
tends to a 4-list-coloring of the rest of the graph. For regular coloring they have also shown that
d∗(3,2,4,F4) = 7. Interesting questions arise concerning list-coloring analogues of precolor
extension theorems, and for each of these there is the question of determining the best-possible
distance bounds. Such a question is asked in [1,6] for precoloring vertices in an r-choosable pla-
nar graph and extending to an (r + 1)-list coloring of the whole graph. In [28] it is shown that
distance four is not sufficient.
In [6] the authors consider precoloring problems in which the Pi are k-cliques. Open problems
at the end of that paper include cases in which the distance d∗ required to guarantee a color
extension is known to within one of the true value. Using a variant of the technique in the proof
of Theorem 3.2 in which we control the color class of the vertices farthest from a given Pi whose
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k < r < 2k, we still only know d* to within one.
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